A liquid film is heated from the outside and cooled from the inside when flowing down the inside of a cylinder that
INTRODUCTION
The flow stability of thin films is of interest when a liquid layer is flowing down a wall. In particular, when the film is flowing down a vertical cylinder (Shlang and Sivashinsky, 1982) . These authors included the azimuthal modes in his theory of high surface tension films. Frenkel (1993) also included these modes relaxing the restriction of high surface tension following advances done by Benney (1966) for thin films down a plane wall and by Frenkel et al. (1987) for flow down a cylinder.
These papers motivated theoretical research on the linear stability of film flowing down the outside of a rotating cylinder (Dávalos-Orozco and Ruiz-Chavarría, 1993; Dávalos-Orozco, 1996, 1997) . It was found that it is possible to have the first azimuthal mode as the most unstable one in a range of parameters. This problem was investigated recently by Rietz et al. (2017) from the nonlinear point of view.
Numerical analysis of a Kuramoto-Sivashinski-type equation for flow outside a cylinder was performed by Bocharov and Tsveloduv (2003) and Tsveloduv and Bocharov (2012) . It is interesting that the azimuthal modes began to appear at a distance large enough below the position of the initial perturbation. They also found solitary structures for a certain magnitude of the parameters.
In the case of viscoelastic Oldroyd's fluids, it was found that the viscoelastic parameter, the Deborah number, promotes the appearance of azimuthal modes (Moctezuma-Sánchez and Dávalos-Orozco, 2008) . There is a critical Deborah number above which the azimuthal modes are observed. However, they cannot be the most unstable because Ghosh et al. (2018) and Assaf and Alkharashi (2019) , but the stability of the azimuthal modes was neglected. The stability of azimuthal modes was also investigated in the presence of a temperature gradient across the liquid layer. The stability of a film coating a cylinder was investigated by Dijkstra (1990) who found the possibility to have some of these modes as the most unstable under some range of parameters. Numerical analysis of the linear stability of a heated film falling down a wall was made by Dávalos-Orozco and You (2000) . They concluded that the azimuthal modes can be the more unstable for small wave numbers. However, the axial mode was always the most unstable one. The additional effect of viscoelasticity was investigated by Moctezuma-Sánchez and Dávalos-Orozco (2015) . The Deborah number stimulated the appearance of azimuthal modes, but only the axial mode was the most unstable one. In the same paper, they also investigated the problem in the absence of gravity. They found in the Newtonian case that the axial mode and azimuthal modes had the same maximum growth rate when their wave numbers were different from zero. This indeterminacy was resolved by means of the nonlinear sideband instability investigated by Dávalos-Orozco (2017) . Use was made of the procedure developed by Cheng and Chang (1992) for flow down an isothermal cylinder.
Note that thermocapillary instability of films coating a fiber were investigated by Liu et al. (2017 Liu et al. ( , 2018 , Yu (2018) , Chao et al. (2018) , and Ding et al. (2019) . However, the Marangoni effects on the azimuthal modes were not taken into account.
Here, the thickness and thermal conductivity of the wall were considered in the problem. These parameters were also included in the linear thermocapillary instability of a viscoelastic Maxwell fluid by Hernández-Hernández and Dávalos-Orozco (2015) . They were also examined in the problem of two liquid layers coating both sides of a solid wall in the absence of gravity. The two layers had thermal interaction through the wall due to thermocapillary instability (Dávalos-Orozco, 2018) .
The film may feel the effect of gravity when the wall is horizontal, vertical, or inclined. The thickness and thermal conductivity of the wall were taken into account by Dávalos-Orozco (2012 , 2014 , 2015 , 2016 for films falling down vertical walls. This theory was extended to higher Reynolds numbers calculating coupled evolution equations by means of the weighted residual method by Dallaston et al. (2016) .
In this paper, in contrast to the linear problems published by Hernández-Hernández and Dávalos-Orozco (2015) , the nonlinear sideband instability is investigated for a thin liquid film flowing down the inside of a vertical hot thickwalled cylinder with finite thermal conductivity. Note that, for flow outside the cylinder in the absence of gravity, this problem was explored by Dávalos-Orozco (2017) and in the presence of gravity by Dávalos-Orozco (2019) . In the theory of surface waves, the sideband instability means that a straight wave front starts to present a lateral instability in the form of waves along the front. In the case of the present paper with cylindrical symmetry, sideband instability means that the axial wave (a cylindrical wave front on the free surface) starts to present perturbation waves in the azimuthal direction. Because of the cylindrical periodicity, these waves can only appear in integer numbers. They are the azimuthal mode numbers.
In Section 2, the nonlinear evolution equation of the Benney type was calculated for flow inside a cylinder by means of the procedure by Frenkel (1993) . This evolution equation was scaled and further approximated for the case of very strong surface tension in Section 3. In Section 4 the results of the sideband instability were compared to those of an experiment published in the open literature (Stainthorp and Allen, 1965) . The conclusions were given in Section 5. Figure 1 shows a sketch of the system under investigation. A thin liquid film of a Newtonian fluid is going down the inside of a hot cylinder of radius R, which has a thick wall of finite thermal conductivity. The z-coordinate increases in the direction of the acceleration of gravity, and r is the radial coordinate. The free surface of the film is subjected to thermocapillary forces due to a temperature gradient imposed across the layer because the atmosphere in the outside of the cylindrical wall is hotter than the atmosphere contiguous to the free surface of the liquid (see Fig. 1 ).
EVOLUTION EQUATION
Nondimensional variables and a particular scaling were used to derive the evolution equation. The equations of momentum, continuity, energy, and their corresponding boundary conditions were made nondimensional as follows. In the z-direction, use is made of λ/2π = h 0 /ε, where λ is a representative wavelength of the surface perturbation, h 0 is the mean thickness of the liquid layer, and ε < 1 is a smallness parameter defined as ε = h 0 /(λ/2π). In the radial direction, use is made of h 0 . The temperature is made nondimensional by means of the temperature difference ∆T of the atmosphere outside the thick wall of the cylinder minus the temperature of the atmosphere inside the liquid film. The method of Frenkel (1993) is used to calculate the evolution equation. The approximation of the radial position was done as follows. The radial position of a fluid particle is defined as r/h 0 = β + x, where β = R/h 0 is the non dimensional internal radius of the cylinder (see Fig. 1 ). When the inverse of the radius appears explicitly, it was approximated (Frenkel, 1993) by
where δ = εβ, meaning that the radius is large. The new radial variable now is defined as x = r/h 0 − β. In this way, the free surface is located at x = −h(z, θ, t), where h(z, θ, t) is the total height of the free surface deformation, and the outer side of the wall is set at x = d, where d is the relative thickness of the wall. The variable x is restricted to the
, where g is the acceleration of gravity and ν is the kinematic viscosity. The scaling of time is (λ/2π)/U = h 0 /εU and that of pressure is ρU 2 . The procedure requires the expansion of the variables by means of ε as follows:
where (u, v, w) are the velocity components in the radial, azimuthal, and axial directions, respectively, p is the pressure, T is the liquid temperature, and T w is the temperature of the wall. The nondimensional scaled balance of momentum equations are as follows:
The continuity equation
The balance of energy equations of the fluid and the wall are
where the Reynolds number is Re = U h 0 /ν, the Prandtl number is Pr = ν/α and α is the thermal diffusivity of the fluid. The boundary conditions (Dávalos-Orozco, 2012 , 2014 , 2015 , 2016 at the interface of the fluid and the wall are
where Q C = K w /K is the ratio of thermal conductivities of the wall over that of the fluid. At the outer face of the wall, the nondimensional condition is
where d is the nondimensional thickness of the wall. At the free surface, the temperature satisfies
where the Biot number is Bi = H h h 0 /K and H h is the coefficient of heat transfer. The kinematic boundary condition is
The normal stress boundary condition at x = −h.
The free surface boundary conditions differ from those of Dávalos-Orozco (2019) because the normal and tangential vectors have some components with different signs for flow inside the cylinder. To order zero of the approximation, the velocity components are w 0 = x 2 + 2hx and
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The temperature profiles in the fluid and the wall, respectively, are
and
where the relative thickness of the wall d is defined as the ratio of the thickness of the wall divided by the thickness of the unperturbed flat liquid film h 0 . The ratio of the wall thermal conductivity over that of the liquid layer is Q C defined below Eq. (8). The solution for the pressure is
In the lubrication approximation only this P 0 and the solutions in Eq. (16) were needed. Then, from the lowest order in the kinematic boundary condition it was obtained that
This equation was used to approximate h t at the next order. The velocity component was
To first order, the following components were required
They were substituted into Eq. (11). Finally the evolution equation was
It is important to note in Eq. (17) that, under the present approximation, only the ratio d/Q C was significant (Dávalos-Orozco, 2012 , 2014 , 2015 , 2016 , 2017 . Equation (17) reduces to that of Frenkel (1993) when Ma = 0 and when corrections are made of the signs in front of the surface tension term with the inverse of the square of the radius and of the first term inside the brackets. The equation reduces to the nonlinear Eq. (3.13) of Joo et al. (1991) when d = 0 (or else, Q C → ∞) and δ → ∞ (very large relative radius of the cylinder). In order to have a planar flow when δ tends to infinity, in the last step it is important to assume y = δθ as finite to preserve the operator ∇ ⊥ defined as follows:
It is important to point out that the relative thickness of the wall d found in the thermocapillary term of Eq. (17) can have any magnitude. That is because the thickness of the wall is measured beginning at the internal radius of the cylinder, and it may extend at any distance from this point. This is in contrast to the conditions on the relative thickness of the wall d in Dávalos-Orozco (2019), where the wall could only extend from the outer radius of the cylinder to a radius zero at most (at the axis of the cylinder).
The linear form of Eq. (17) was obtained by substitution of the total height of the free surface by h(z, θ, t) = 1 + H 0 exp[i(k 0 z + mθ + ω 0 t) + Γ 0 t], and keeping only linear terms of H 0 , where H 0 was the amplitude of the perturbation, k 0 was the axial wave number, m was the azimuthal integer number, ω 0 was the frequency of oscillation, and Γ 0 was the growth rate. From the resulting complex linear equation, the phase velocity was
The radius dependence of the phase velocity differed from that of flow outside the cylinder (Dávalos-Orozco, 2019). The real part was the growth rate
The critical wave number came from the roots of Eq. (20). They were
The axial mode corresponded to m = 0 and from Eq. (21) it had two critical wave numbers
Therefore, the curve of the growth rate of the axial mode always crossed the origin. The corresponding curve of the azimuthal modes (m = 0) could touch the origin when the group of parameters satisfied the condition of the following particular integer number:
The wave number corresponding to the maximum growth rate is
With this expression, the maximum growth rate could be written as follows: From Eq. (25) it is clear that the maximum growth rate of the axial mode was the largest one. Therefore, from the linear stability point of view the axial mode will be the most important in the flow. This had to be confronted with the results of the nonlinear sideband instability presented below. In order to compare the growth rate Γ 0 against k 0 of flow inside the cylinder with respect to that of flow outside the cylinder [see Dávalos-Orozco (2019) ] with the same radius, two sample plots were given below. In Fig. 2 , the nondimensional radius of the cylinder was δ = 3 with d = 0.1 δ and d = 0.9 δ (dotted curves). Note that the limitations of the magnitude of d in Dávalos-Orozco (2019) were included here for the sake of comparison. It is useful to remember that, in the problem of the present paper, d has no limit in its magnitude. The magnitudes of the following parameters were fixed as Re = 1, Ma = 1, S = 1, Bi = 0.1, and Q C = 1 (because the important parameter is d/Q C ). The upper (m = 0) and lower (m = 1) solid lines correspond to flow inside the cylinder, and the upper (m = 0) and lower (m = 1) dashed ones to flow outside the cylinder. The increase of the thickness of the wall has the effect of lowering the magnitude of the growth rate. Note that the mode m = 1 for flow inside the cylinder was stable for these parameters. The increase of the radius of the cylinder excited the azimuthal modes, and the former stable mode m = 1 was able to destabilize, as shown in Fig. 3 . Here, the growth rate decreased for some of the curves.
SCALING OF EVOLUTION EQUATION [EQ. (17)]
Here, the evolution equation [Eq. (17) ] was scaled in the same way as done in Dávalos-Orozco (2019). It was assumed that the radius is very large and that the surface tension is strong. To attain this goal, the selected scaling parameters were again ξ = Re/S and χ = 8Re/15. In this case
Then, assumed that 
After substitution and to the lowest order, it was found that
The free surface amplitude was replaced by H 1 = (εH − c 1 )/4, where c 1 = 2/ξχ 3/2 − 2ε/3aχ. Then, Eq. (28) reduced to
where
Equation (30) is similar to that of Shlang and Sivashinsky (1982) and Cheng and Chang (1992) . Moreover, it is exactly the same as that obtained by Dávalos-Orozco (2019) . Therefore, it is not necessary to present here the linear stability from the point of view of µ 2 because the graphs are the same. However, note in the definition [Eq. (30) ] that µ 2 had a different sign in front of the surface tension term. This corresponds to the destabilizing throttling effect of the free surface due to the curvature of the cylinder. The effect disappears when a → ∞ (a flat wall). Then, this term here works to decrease the magnitude of µ 2 and consequently to support the permanence of the axial mode of instability. Nonetheless, note the contrast found between the stability of flow inside and outside the cylinder presented in Figs. 2 and 3. This equation corresponds to a large radius approximation due to the scaling used for δ. It was assumed inversely proportional to ξ in Eq. (26).
SIDEBAND INSTABILITY: COMPARISON TO EXPERIMENT
As explained above, Eq. (29) was the same as that calculated by Dávalos-Orozco (2019) . Therefore, the methods used to derive the sideband instability, following the steps of Cheng and Chang (1992) and Tuckerman and Barkley (1990) , were exactly the same. Consequently, the curves presented in the sample figures of Dávalos-Orozco (2019) can also be used as reference here.
However, in this section the goal was to present a comparison of our theoretical results to those of an experiment of isothermal flow down the inside of a cylinder. In Fig. 8 of Stainthorp and Allen (1965) clearly the first azimuthal mode was already present in upper part of the image. The data given by Stainthorp and Allen [(1965) related to Fig. 8] were for water (σ = 7.280 × 10 −2 kg/s 2 , ν = 9.9541 × 10 −7 m 2 /s, ρ = 998.2 kg/m 3 ), and a cylinder with an internal radius of 1.725 cm, film mean thickness h 0 = 0.012 cm, and a wavelength of 1.13 cm. From the data, the nondimensional radius was β = 143.75, Re = 8.5541, surface tension number S = ε 2 2944.21, and wave number k 0 = 0.0667.
The scaled radius and wave number (Dávalos-Orozco, 2019) as follows:
with these results, the scaled radius was a = 16.55 and the scaled wave number was k = 0.5795. For the isothermal problem µ 2 = 0.9963. The curves of the sideband instability corresponding to this experiment were plotted in Fig. 4 for a = 16.55. Note that the surface tension number contained ε 2 and consequently ε simplifies from these expressions. This means that the scaled radius and the wave number do not depend on the scaling originally proposed, but only on S and Re. This can be seen if all the terms of Eq. (17) are divided by ε. Then, 1/ε only multiplies the term of the time derivative and that of the first derivative in space. This two terms are related with the frequency of oscillation. Dávalos-Orozco, 2019) In this way, it has no effect on the wave number. In case the nonlinear stability is investigated on a system riding the perturbation wave [as is the case of Eq. (29)], ε remains absorbed in t [see Eq. (26)].
Using the data, it is possible to derive the magnitude of µ 2 2 above which the axial mode is unstable to the first azimuthal mode [see Eq. (57) in Dávalos-Orozco (2019)]. That is µ 2 2 = 0.7314. The curve corresponding to λ 2 = 0 is µ 2 = 4k 2 = 1.3435. Therefore, the magnitude of µ 2 in the isothermal case predicts that the instability is inside the region where the axial mode is unstable against the first azimuthal mode m = 1, in agreement with the experiment of Stainthorp and Allen (1965) .
The role of a positive Marangoni number was to increase the magnitude of µ 2 and consequently to promote the instability of the axial mode against the first azimuthal mode. It was not possible to find an experimental paper where the thermal problem was considered including azimuthal modes. However, the success in the isothermal case shows that a small increase of µ 2 still leads to a result inside the region where the axial mode is unstable against the first azimuthal mode. Therefore, the following data were proposed for the Marangoni problem. The temperature difference was assumed to be ∆T = 1
• C and dσ/dT = −7/5000 kg/s 2 
CONCLUSIONS
The sideband instability of a thin film flowing down inside a cylindrical wall was investigated. The Eq. (17) presented differences with respect to the corresponding one in Dávalos-Orozco (2019). In the linear stability, the differences were clearly observed by means of plots of the growth rate against the wave number for flow in the inside and the outside of a cylinder of the same radius. However, in the nonlinear case, the scaled approximated Eq. (29) was found to be identical to the one obtained in Dávalos-Orozco (2019) . However, the unique parameter µ 2 had a different definition, where the surface tension term had a different sign. This contributed to decrease the magnitude of µ 2 helping the axial mode to prevail in the nonlinear sideband instability. The theoretical results were in contrast to the experiment by Stainthorp and Allen (1965) , and it was found that for flow inside the cylinder the theory predicted correctly the observations. A special Fig. 4 was prepared to show how the µ 2 of the experiment fell inside the region where it was predicted that the axial mode was unstable against the azimuthal mode m = 1.
